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We study a new parameter — the "Non-Uniformity Factor" (NUF) which we have 
introduced in [1]. by way of estimating and comparing the deviation from average behavior 
(expressed by such factors as the Lyapunov characteristic exponent(s) and the information 
dimension) in various strange attractors (discrete and chaotic flows). Our results show for certain 
values of the control parameters the inadequacy of the above averaging properties in repre-
senting what is actually going on — especially when the strange attractors are employed as 
dynamical models for information processing and pattern recognition. In such applications (like 
for example visual pattern perception or communication via a burst-error channel) the high 
degree of adherence of the processor to a rather small subset of crucial features of the pattern 
under investigation or the flow, has been documented experimentally: Hence the weakness of 
concepts such as the entropy in giving in such cases a quantitative measure of the information 
transaction between the pattern and the processor. We finally investigate the influence of external 
noise in modifying the NUF. 

1. Introduction 

Taking averages in physical sciences in general 
and in communicat ion theory in par t icular results 
always in some selective loss of detail . If it happens 
that a few details account practically for the whole 
pattern then the averaging process s imply "washes 
out" all the essential informat ion. In statistical 
mechanics for one the pursuit of evolution of the 
microscopic probabil i ty density funct ion and its 
moments through the formal ism of the Master 
equation and Fokker-Planck-equat ion in systems far 
f rom equilibrium and near b i furca t ion points man i -
fest the "break down" of the law of large numbers ; 
this has been amply demonst ra ted in recent years 
[2, 3] - together with the ensuing inval idat ion of the 
"mean Field regime". The entropy for example is 
just the mean value of the dis t r ibut ion - I n p ( . \ ) 
where p(.\) stands for the a priori p robabi l i ty 
density distribution of a (finite or infini te) set of 
elements constituting a certain pat tern. Some of the 
elements of the set may be extremely improbab l e 
vis-a-vis a certain observer or prone to deliver upon 
reception a disproport ionally large amoun t of infor-
mation. Of particular interest is the case where the 
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median value of p ( \ ) is the least probable . In such 
cases the usual expression(s) for the static entropy: 

S = -X/>/(-v)log2 />,(-v) (1) 
i 

or 

AS = — \p (.y) \0g2P ( v) d.v (in bits) (2) 

is perhaps inadequate in characterizing quant i ta -
tively the information transaction. 

In this paper we intend to treat dynamical sys-
tems where the variety product ion or in format ion 
dissipation are given by the dynamical analogs of 
the entropy and are couched in terms of the Lyapu-
nov-exponents of the flow or the discrete m a p con-
cerned. 

In the following we do three things. First we 
briefly review some experimental evidence about 
the dynamics of visual pattern percept ion and 
recognition (what are the "crucial fea tures" of the 
pattern in such a case and how is the processor 
dealing with them?) as well as the irrelevance of the 
"law of averages" in certain "coin tossing" and com-
munication problems. Second we discuss the pos-
sible use of strange attractors as dynamical models 
in information processing. Thirdly we calculate how 
the N U F fares in different attractors as the control 
parameters change. We provide expressions which 
under specific circumstances should compl iment the 
Lyapunov exponent(s) and the informat ion d imen-
sion of the attractors involved. 
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2. The Break Down of the "Law of Large Numbers" 
in Pattern Recognition and Random Walks 

I. Review of Some Experimental Results 
in Visual Pattern Perception [4, 5, 6] 

What are the "crucial fea tures" of a visual 
pattern and how is the optical (human) cortex (in 
cooperation with the sensor ( fovea) ' and the 
optical muscular appara tus) dealing with them? In a 
remarkable series of experiments conducted in the 
early seventies. Noton and his associates pe r fo rmed 
a number of investigations which are discussed 
below. To begin with just look at Figure 1. The left 
part represents the famous bust of Queen Nefer t i t i . 
At right is displayed the trajectory of the eye move-
ment of a human observer (as recorded by A. L. 
Yarbus of the Institute for problems of Informat ion 
Transmission in Moscow. USSR) — as it was 
scanning Nefert i t i 's head and neck in the process of 
perception. The experiments were per formed in an 
at tempt to settle the controversy of Gestalt (parallel, 
global) versus sequential (step by step - or 
iterative) pattern recognition. (An essential pre-
requisite for the meaningfulness of the a t t empted 
comparison is of course, that the pattern must be 
extended enough in space in order to allow for 
scanning by the sensor.) The result of the experi-
ments heavily supports the hypothesis of serial, or 
piecemeal perception and recognition. Specifically 
two questions are answered, a) what are the features 
of the pattern that the optical cortex selects as the 
key items for identifying the object? and b) how are 
such features integrated and related to one another 
to form the complete internal representation of the 
object? 

First of all we have good evidence that the optical 
system is an hierarchical one [5] and between the 
successive hierarchical levels mappings take place 
giving rise to feedforward- feedback loops. T h e 
higher levels (cortex) receive informat ion f rom the 
lower levels and respond by sending commands to 
the sensor's muscular appara tus either to move in 
order to "phaselock" with the feature under in-
vestigation or to move away and assume the next 
algorithmic step of scanning the pattern. The ex-
periments demonstrate that the above scanning 

1 The fovea constitutes a small central area of the retina 
and is characterized by the highest concentration of photo-
receptors. 

Fig. 1. Scanning Nefertiti's bust (after Noton and Stark. 
1971) . 

algorithm is far f rom smooth and "homogeneous" . 
There are parts on the pattern that hold for the 
processor the most in format ion about the subject. 
The fixation or the "hold ing t ime" of the receptor 
tend to cluster around the parts characterized by 
sharp curves (small radius of curvature) , angles, or 
in general around areas where the curve is "non-
differentiable". It appears that the angles are the 
principal features the brain uses to store and recog-
nize the pattern. (There is also neurophysiological 
justification for such a preference revealed through 
the painstaking experiments of Hubel and Wiesel: it 
appears that there are angle-detecting neurons in 
the frog's retina and angle-detecting neurons in the 
visual cortex of cats and monkeys. Recordings 
obtained f rom the h u m a n visual cortex by Marg [4] 
of the University of Cal i fornia at Berkeley give 
indications that this result can be extended to the 
human visual cortex as well.) The scanning of Fig. 1 
bears witness to the heavy preference of the 
processor to areas of the face characterized by sharp 
curves. Such features are complex (they need "many 
bits" for their most laconic description and are 
therefore endowed with high informat ion content). 
Dynamical analysis of the sequence of fixation of 
the receptor at the di f ferent states — " fea tu res" of 
the pattern suggests a format for the interconnection 
of these "states" into the overall internal repre-
sentation. The result of this exper iment reveals 
that the sensor directed by the brain is essentially 
involved with two types of "scanning pathways": 
Regular and irregular. Specifically it appears , as 
Noton and Stark [4] put, it that " ( the) eyes usually 
scanned it (the pat tern) following - intermittently 



but repeatedly - a fixed path which we have 
termed his 'scan p a t h ' . . . " . T h e occurrences of 
the scan path were separated by per iods in wh ich 
the fixations were ordered in a less regular m a n -
n e r . . . Scan paths usually occupied f rom 25 to 
35 percent of the subject 's viewing t ime, the rest 
being devoted to less regular eye m o v e m e n t . " W e 
may conclude then following N o t o n and Stark tha t 
the internal representat ion (or the m a p p i n g ) of a 
pattern in the m e m o r y system is an assemblage of 
features (states) med ia t ed essentially by a f e e d b a c k 
loop: A sequence of senso-motor traces recording , 
abstracting and subsequent ly repor t ing to the b ra in 
a "Markov cha in" as it were, of s ta tes-features — 
whereupon the bra in directs the next move of the 
per ipheral activity. T h e t ime intervals dur ing which 
the system holds a given state has obviously to do 
with the excitation of the direct ing neuronal t issue 
- which in turn depends on the degree of curvature 
of the feature-state involved [7]. This Markov chain, 
this a lgori thim, is subsequent ly stored in the b ra in 
isomorphical ly as, say, a pa t te rn of c i rculat ing 
electrical activity. W h e n the observer is subse-
quently encounter ing the same pat tern aga in he 
recognizes it by ma tch ing it with the " f e a t u r e - r i n g " 
or the Markov chain which consti tutes the internal 
representat ion in his memory , state-by-state. Ma tch -
ing then or recognizing consists in calculat ing the 
"d is tance" or the crosscorrelat ion between two 
Markov chains: The memor ized one and the one 
which runs as the observer re-examines the pa t te rn . 
Obviously the first chain directs the steps of the 
second through the bra in-sensomotor loop and so 
learning takes place: Beyond a few reruns the objec t 
becomes " f a m i l i a r " as the crosscorrelat ion above 
tends to one. It would be then, unde r such c i rcum-
stances, ra ther imprope r to try to gather the in-
fo rmat ion conveyed f rom observing the Nefe r t i t i ' s 
bust by calculating the "en t ropy" of this pa t te rn . By 
the way, this could be done as follows: You par t i -
tion the two-dimensional pat tern in Fig. 1 in n (e) 
squares of size e t h rough each of which the t race of 
the scanning path passes at least once. Let p{ be a 
number propor t ional to the relat ive f requency with 
which the scanner visits the specif ic square /'. T h e n 
the "en t ropy" of the pat tern could be calculated as 

and as the resolution t: becomes f iner and f iner one 
may be interested in calculat ing how the d is t r ibu-
tion Pi(E) scales with resolut ion. In that case one 
could obtain the " i n f o r m a t i o n d imens ion" , or the 
bits required for the de t e rmina t ion of a point of the 
scanning curve, as 

D\ = lim 
n(e) \ 
X Pil0g2Pi\ log2 — 

£ 
(4) 

i.e. the asymptot ic value of the slope of ent ropy 
versus resolution ( log E ). 

It is implicitly assumed of course tha t the 
Nefer t i t i ' s bust const i tutes indeed a "s t rangely 
attracting ob jec t" or, that the scanning path r emains 
bounded in space and cont inuous ly i terating, on the 
basis of a dynamica l control a lgor i thm dic ta ted by 
the bra in centers — which centers " f i r e " m o r e or 
less f requent ly depend ing of the curva ture of the 
encountered last detai l (state). In view of the s h a p e 
of the scanning trace on the right side of Fig. 1 
instead of relying on (4) one could obta in a m o r e 
meaningful collective proper ty or quan t i t a t ive mea -
sure of the in fo rma t ion ga the red by invest igat ing 
the s tandard devia t ion of D\. However to m a k e 
calculations feasible we should not start f r o m 
formula (4) but ra ther f rom a re la t ionship be tween 
the in format ion d imens iona l i ty and the spec t rum of 
Lyapunov-exponents of the f low or the discrete 
map, and calculate the s t andard devia t ion of D\, 
AD\, f rom the N U F s of the cor responding Lya-
punov-exponents . T h e N U F of Dj would indica te 
how much fuzziness enters in the degree of com-
pressibility (A - Z)])/A % of i n fo rma t ion real ized by 
the at tractor in A-d imens iona l space 2 . 

For example , in the case of the i m m u n e system -
envisaged as an in fo rma t ion processor - a t r emen-
dous variety of t empla tes (ant ibodies) is pu t for th , 
ei ther spontaneously or in response to s t imula t ion 
by a single antigen; the "polyc lonic i ty" of these 
templates may p rovoke an a u t o i m m u n e effect ; as a 
result the organism m a y suf fe r f r om such an ex-
cessive response of the processor more d a m a g e in 
terms of entropy p roduc t ion than f rom the initial 
intruder. We m a y say in such a case that the N U F 

n(e) 

X PilOg2Pi bits 
2 In the present work we calculate the NUF for the 

(3) dominant /. of maps and flows. The standard deviation of 
D[ will be given in a forthcoming paper. 



of D[ far exceeds the compress ib i l i ty fac tor N - Dx. out barriers and ask how of ten the walker is likely 
In case of "monoc lona l " an t ibod ies on the o ther to change sides. Because of the walk's symmet ry o n e 
hand one should expect the N U F of Dx to be just expects that in a long walk the man should spend 
zero. about half of his t ime on each side of the s tar t ing 

spot. Exactly the opposi te is true. Regardless of h o w 
long he walks the most p robab le n u m b e r of changes 

II. Information Transfer through Intermittent ° " e
u

s i c L e 1° t l \ e o t h e r ^ t h e next p r o b a b l e 1 
, . < t t \£ i* followed bv 2, 3 and so on. If a man walks one s tep 

Channels or Error Clustering Media , „ „ . . 
every second say tor a year, in one out 20 repet i t ions 

Let us now change gears and refer to ano the r of this exper iment the walker could expect to go 
seemingly unrelated example concern ing again the along one direct ion for more than 364 days and 
break down of the " law of ave rages" in M a r k o v 10 h. (In such s imulat ions one is not using coins of 
chain sequences. The example has essentially to do course but decides on the basis of the u p c o m i n g 
with coin-tossing games or r a n d o m walks and has digits of to say. 100 decimals: An even digit is " 0 " 
been elevated into the p r o m i n e n c e of a new and an odd is "1".) In conclusion then it is qu i t e 
scientific pa rad igm by Fel ler [8] and subsequen t ly likely that in a long coin-tossing g a m e one of t he 
by Berger and Mande lbro t [9]. Accord ing to "wide - players remains practically the whole t i m e on the 
spread bel iefs" ( the charac ter iza t ion is Fel ler 's) a winning side, the other on the loosing side. (In the 
so-called "law of averages" should ensure that in a experiments of Fig. 2 ment ioned above , in 10.000 
long cointossing game each p layer will be in the tosses of a perfect coin the lead is at one side for 
winning side for about half the t ime and that more than 9930 trials and at the o ther for fewer 
"switching" will take place f requen t ly f r o m one than 70 with probabi l i ty greater than 10%.) 
player to the other. F igure 2, taken f r o m Fel ler On the o ther hand one "should expec t" that in a 
represents the result of a c o m p u t e r expe r imen t prolonged coin-tossing g a m e the observed n u m b e r 
simulating 10.000 tosses of a fa i r coin. T h e top line of changes of lead should increase roughly in 
contains the graph of the first 550 trails; the next proport ion to the dura t ion of the game. This aga in 
two lines represent the ent ire record. T h e surpr i s ing is false. 
thing has to do of course with the length of intervals Feller proves that the n u m b e r of changes of lead 
between successive crossings of the "zero"-axis . On in n trials increases only a ][n: so in 100/7 trials one 
a isomorphic basis you can imag ine these g raphs as should expect only 10 n t imes as many changes of 
standing for a one-d imens iona l r a n d o m walk wi th- lead as in n trails. Putt ing it in another way. if N„ is 
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the n u m b e r of changes in lead NJn = }fn/n = 1 /]/7T 
goes to zero as the n u m b e r of trai ls goes to in f in i ty . 
So the wa i t ing t imes b e t w e e n successive c h a n g e -
overs of t he winner - loose r roles b e t w e e n t he con-
testants a re l ikely to be fantas t ica l ly long. W h a t 
shou ld b e the pe r t inen t p r o b a b i l i t y dens i ty f u n c t i o n 
for such a process? I m a g i n e a h u g e s a m p l e of 
records of ideal coin toss ing g a m e s each cons i s t ing 
of 2/7 tosses. W e pick one at r a n d o m a n d o b s e r v e 
the n u m b e r of the last t r ial at wh ich the a c c u m u -
lated n u m b e r s of h e a d s a n d tails were e q u a l - t h a t 
is the last changeove r . T h i s n u m b e r is even a n d we 
d e n o t e it by 2K\ so t ha t 0 ^ K ^ n. F r e q u e n t 
changeove r s ( tha t is in the lead of o n e p l a y e r ) 
would imp ly tha t K is l ikely to b e re la t ively c lose to 
n - bu t th is is not so. Interes t ingly e n o u g h . Fe l l e r ' s 
ca lcu la t ion gives for the p. d . f . of t he v a r i a b l e 
.Y = K/n t he express ion 

P(.Y) = \ / n n ] / x ( \ - x ) . (5) 

T h e s y m m e t r y of t he d i s t r i bu t ion imp l i e s t h a t t he 
inequa l i t i e s K ^ n/2 a n d K ^ n/2 a re equa l ly l ikely. 
W e see tha t t he p robab i l i t i e s n e a r the end po in t s a r e 
greatest ; t he mos t p r o b a b l e va lues of K a r e t h e n t he 
ex t remes 0 a n d //, whi le the m e d i a n va lue K = n/2 is 
least l ikely to occur . T h e a b o v e p r o b a b i l i t y dens i t y 
func t ion is ident ica l (save the p r o p o r t i o n a l i t y f a c t o r 
\/n) to t he inva r i an t m e a s u r e of the logis t ic m a p 

f ( x ) = 4 / \Y ( 1 — A) fo r r= 1, i.e. for t he m a x i m u m 
va lue of t he control p a r a m e t e r w h e r e t he c h a o t i c 
r eg ime occup ies the who le inva r i an t in te rva l a n d 
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Fig. 4. The Markov-chain model for the burst error 
channel. 

the m a p b e c o m e s exact ly two- to -one . (See a p p e n -
dix.) 

Let us now turn to t he d i s t r i b u t i o n of the occur -
rence of errors in d a t a t r an smi s s ion on real c o m -
m u n i c a t i o n channe ls , t he s imp les t b e i n g the b i n a r y 
s y m m e t r i c channe l (F ig . 4) ( G i l b e r t 1960 [9], 
Berger a n d M a n d e l b r o t 1963 [8]). T h e c h a n n e l is 
mode l l ed as a M a r k o v cha in w i th two s ta tes G 
( G o o d = errorless) a n d B (Bad) . T h e p r o b a b i l i t y of 
er ror d e p e n d s u p o n t he s tate . S t a t e G is a s soc ia t ed 
with zero p robab i l i t y of an e r ror . In s ta te B a 
( l oaded ) coin is tossed to d e c i d e w h e t h e r an e r r o r 
will occur or not. T h e (b i a sed ) co in tossing f e a t u r e 
is inc luded because ac tua l burs t s or c lus ters d o con-
ta in " g o o d " digi ts in t e r spe r sed w i th t he errors . T o 
s t imu la t e burs t e r rors , the s ta tes G a n d B m u s t 
persist ; hence the t r ans i t ion p r o b a b i l i t i e s PGB a n d 
PQG shou ld be smal l a n d the p r o b a b i l i t i e s PQG a n d 
F b b should accord ing ly be large. Berger a n d 
M a n d e l b r o t s ta r ted by cons ide r ing g r o u p s of t h r e e 
successive errors t a k i n g the t i m e pos i t i on i a n d 
tn+\ f ixed and a l lowing /„ to h o v e r in b e t w e e n ; w h a t 
is t he p robab i l i t y dens i ty f u n c t i o n of the i n t e r - e r r o r 
intervals and the p r o b a b i l i t y dens i ty of /„? W h e n 
the in te r -e r ror in te rva ls a re g e o m e t r i c a l l y d i s t r ib -
uted (l ike in s o m e cases a s s u m e d by t h e m e m o r y l e s s 
b ina ry s y m m e t r i c c h a n n e l ) the d i s t r i b u t i o n of t„ is 
u n i f o r m l y d i s t r i bu t ed b e t w e e n /„_] a n d tn+\. Berger 
and M a n d e l b r o t , in o r d e r to b r i n g the m o d e l as 
close as poss ib le to the col lec ted d a t a , a s s u m e d fo r 
the in te r -e r ror in tervals a P a r e t o d i s t r i bu t i on . In 
tha t case, for the p r o b a b i l i t y dens i ty of tn t h e 
theore t ica l type of cu rve best f i t t ing the expe r i -
men ta l results is i l lus t ra ted in F i g u r e 5. It says 
essential ly tha t the p r o b a b i l i t y of t he o c c u r r e n c e of 
an e r ro r increases as we a p p r o a c h /„_i or tn+\ s ym-
met r ica l ly and b e c o m e s grea tes t in t he close 
n e i g h b o r h o o d of the o c c u r r e n c e of a n o t h e r e r ro r 
( the p r ev ious or the next) . T h e p r o b a b i l i t y of 
hav ing an er ror in b e t w e e n is p rac t ica l ly zero . 
S imi lar ly in the case of a la rge n u m b e r of e r ro r s a 
s izeable po r t i on of t he total s a m p l e length will b e 



• n - 1 * n - 1 

Fig. 5. The p. d.f. of the "intermediate error" in a burst 
noise channel (after Berger and Mandelbrot, 1963). 

found in a few of the longest error intervals, say L 
of them, thus creating a pat tern in which errors are 
mostly grouped in L clusters. Again the med ian 
value of the distribution is the most improbab le one 
while the greatest probabi l i ty refers to tight error 
clustering in time. The shape of the probabi l i ty 
density function is again of the "hyperbo l ic" type 
we have already encountered twice above. The 
channel has his " G o o d " days and his " B a d " days -
occurring in persistent clusters. This persistance 
and the scarcity of a possible changeover reminds 
one of the random walk business or the fair tossing 
again. In fact one might conjecture that the t ime 
axis within the transmission interval displays a 
fractal property that is the clustering is self-similar 
down to small scales. The channel spends most 
likely in the errorless regime, either too long, or too 
short a time. However the relative n u m b e r of errors 
or the average number of digits in errors should be 
expected to tend to zero as the length of the 
message n increases to infinity. This conjecture 
comes for the same reasoning ment ioned previously 
with reference to the average n u m b e r of changes in 
the lead of one regime as t ime outstretches to 
infinity. It turns out then that as the length of the 
transmitted message goes to infinity despite the 
presence of an unbounded n u m b e r of errors the 
channel capacity of the burst-error binary sym-
metric channel tends to one that is the f igure one 
usually gets for the noiseless memoryless channel. 
Finally in their study of intermit tent behavior near 
a tangent bifurcat ion of the logistic map , Hirsch. 
Huberman. and Scalapino [10] derive a similar 
probability density funct ion for the path lengths 
that the orbit spends in the laminar (pseudo-l imit 
cycle) regime or the chaotic regime - where it 
wanders aperiodically before getting a chance of 
being reinjected in the "channe l " formed between 
the map and the bisector line — that is in the limit 

cycle regime. In other words in the intermit tent 
regime the orbit spends, say within the limit cycle 
regime, either too little or too much time. Again the 
average value of the (symmetrical) d is t r ibut ion 
function is the least likely to occur. 

3. Possible Role of Chaos in Information Processing 

It appears therefore that in a broad doma in of 
seemingly unconnected physical phenomena a 
chaotic dynamics or macroscopic " turbulent noise" 
prevails — in the absence of microscopic mult i -
dimensional noise - and in fact it is responsible for 
the break down of the "law of large numbers" . (No 
wonder: chaos is manifested even with 3 macro-
variables. coupled via quite determinist ic non-l inear 
ordinary differential equations.) Is there any com-
pelling reason to believe that in biological organ-
isms in general and man in particular chaos may 
play any role in information processing? Rel iable 
information processing rests upon the existences of 
a "good" code (or map) or language: namely a set of 
recursive rules which generate variety at a given 
hierarchical level and subsequently compress it 
thereby revealing information at a higher level. To 
accomplish this a language - like good music -
should strike at every moment an op t imum rat io of 
variety (stochasticity) versus the ability to detect 
and correct errors (memory). Is there any dynamics 
available which might emulate this dual object ive 
in state space? The answer is: In principle yes 
(Nicolis [11]. [12]). We remind ourselves that 
there are two available dynamical ways of produc-
ing information: Either by cascading b i furca t ions 
giving rise to broken symmetry or via cascading 
iterations increasing resolution. The last way is 
simpler. A three-dimensional strange at tractor for 
example creates variety along the direction of his 
positive Lyapunov exponent /.+ and constrains 
variety (thereby revealing information) along the 
direction of his negative Lyapunov exponent 
/._, ( /._ ^ /.+). The issue then of relevance of 
strange attractors in information processing can first 
be debated on parsimonial grounds namely what 
possible evolutionary advantages may the chaot ic 
mode bestow on an organism. Neurophysiological 
evidence must of course follow. Discussions on the 
above two topics have been couched by one of us 
(Nicolis [13], [14]) in a recent series of publ ica-
tions. where for example the thalamocort ical pace-



maker of the (human) brain has been tentatively 
identified as a chaotic processor; we are not going to 
repeat them here. Enough of emphasizing that a 
chaotic processor even as an art ifact ensures a very 
rich behavioral reper toire (software) with very 
simple hardware. What we intend to do in the 
remaining of this paper is to provide a general 
discussion on chaotic dynamics and report on a 
number of calculations on strange attractors (both 
chaotic maps and flows) which calculations just i fy, 
we think, mistrust in the intuit ive reliance on the 
"med ian" values in character izing the dynamics of 
these attractors; we thereby propose some more 
representative parameters . Let us remind ourselves 
that basic parameters of a strange at tractor are 
a) his Lyapunov exponents de termining the average 
amount of in format ion p roduced (A ^ 0) OF dis-
sipated (/. ^ 0) per i teration and b) the in format ion 
dimension of the at tractor Dx which essentially 
determines the average value of the degree of 
compressibility ensured by the processor namely the 
average number of bits one needs to de te rmine any 
point on the at tractor a f te r transients subside. For 
the three-dimensional Lorenz at tractor for example , 
D! = 2.06 (bits) which means that if it is used as an 
information processing unit the Lorenz at tractor can 
"save" 3 - 2 . 0 6 = 0.94 bits for any point on its basin 
that is for any initial condit ion. Since compres-
sibility of a t ime series is the necessary prerequis i te 
for subsequent s imulat ion of the dynamical phe-
nomena conveyed by the series, the impor tance of 
strange attractors as in format ion processors cannot 
be overlooked. 

4. One-dimensional maps and Markov chains 

In the preceding sections we have been referr ing 
to a category of dynamical processes — all of them 
characterized by a probabi l i ty density funct ion of 
the "hyperbol ic" type; in such a case the med ian 
value j p (x) x d.v is very small and the variance 

<72 = J/>(.v).Y2d.Y-[f/>(.Y).Yd.v]2 (6) 

is large. We now want to test the conjecture that 
perhaps the med ian value of the informat ion dis-
tribution (that is the entropy) is, under specific 
circumstances (for example in the vicinity of inter-
mittency) also inadequa te in describing the in forma-
tion processing going on by the evolution of a 

strange attractor. Let us start then with examining 
the correspondance between one-dimensional maps 
and Markov chains. Let us consider the asymmetr ic 
two-to-one piece-wise l inear m a p of F igure 6. Since 
matching an environmental (Markov) t ime series 
involves the creation of a great n u m b e r of 
" templates" by the (chaotic) processor, it is instru-
mental to start in this s imple case by calculating the 
elements of the Markov chain which represents the 
iterative process of the m a p as an in fo rmat ion 
source. We devide the unit interval AE in two parts 
of length i and 1 — a, and every t ime the trace of 
the iterating trajectory falls on A C we get the 
symbol 1 while every t ime the trace falls on CE we 
get the symbol 0. So we obta in (for every value of 
the control parameter) strings of 001011011011011101... 
- which do not constitute, however, just fair coin 
tosses but rather onesided Bernouilli shifts that are 
constrained by the (non-linear) shape of the m a p 
/(.Y). What are the transit ional probabi l i ty e lements 
Pil of the two-state Markov chain and what are the 
probabili t ies U \ = p { 0 ) and m2 = /?(1)? F r o m Fig. 6 
it is clear that / (AB) = .Pn since all points on the 
interval within AB which belongs to i are projected 
by the m a p in a port ion equal to x F r o m the 
geometry we see that Pu = a2. Likewise we observe 
that / ( C D ) = P22 since all points within this sub-



interval which belong to 1 — x are projected by the 
map on the port ion 1 - a. P 1 2 = / (BC) since all the 
points within it, belonging to x are projected to 
1 - x, and P21 = / ( D E ) since all points within it 
belonging to 1 — x are projected to x. F rom the 
geometry we get P]2 = x — x2 = x (1 - x), P2\ = 
2 ( 1 - a ) and P22= (1 - x) - a ( 1 - x) = (1 - a)2 . 
(The values above are not normal ized; one should 
have P\\ + P\2 = 1, F21 + F2 2 = 1.) The probabi l i t ies 
«I, u2 are calculated f rom the relations u] = u]Pu 

+ u2 Pi\ and u 1 + u2 = 1. We get u\ = a, w2 = 1 — x. 
We now intend to forward some general discus-

sion on the nature of Lyapunov exponents in mult i -
dimensional flows and maps. 

5. The Non-Uniformity Factor as a Further 
Characterization of Dynamical Systems 

I. The Concept of the Local Divergence Rate 

The spectrum of the Lyapunov-exponents con-
stitutes a way to classify dynamical systems in 
general as well as part icular solutions of a dynam-
ical system. It is nowadays widely used in the 
literature [15], [16], [19], 

In this section we want to interpret the max imal 
Lyapunov-exponent as the t ime average of a statis-
tical variable we call the local divergence rate 
Y(x(t)) (cf. [1], [29], [30]). Besides the average 
further information about the system is contained in 
the higher moments of the statistical variable like the 
variance. The variance of the local divergence rate 
(zf Y)2 is a measure for the nonuni fo rmi ty of the 
dynamical behavior of an at tractor in respect to the 
separation of nearby trajectories. Besides the 
Lyapunov-exponents the variance (A F)2 will give 
additional informat ion about a dynamical system 
and may turn out to be helpful for fu r ther classifica-
tion of chaotic systems. 

In Part II of this section we derive the expression 
for the statistical variable, whose first m o m e n t will 
be the Lyanupov-exponent . We will discuss the 
meaning of the corresponding variance and def ine 
the Non-Uniformi ty Factor ( N U F ) A Y in the 
context of dynamics. In a third part we will consider 
analytically and numerical ly d i f ferent dynamical 
systems: 1-dimensional maps , a 2-dimensional m a p 
(Henon-map) and a 3-dimensional flow (Rössler-
system). 

II. Average Value and Variance of the Local 
Divergence Rate 

We start f rom a cont inuous dynamical system 
which is described by a set of coupled ord inary non-
linear differential equations 

x = F(x) 1 . (7) 

The maximal Lyapunov exponent is de f ined as 
[15], [16], [17], [18] 

/. = lim — In 11(0 2 , (8) 

where u(t) is a solution of 

ÖF 
u = — (x(t))u, (9) 

dx 
which is obtained by l inearizing (7) along a 
trajectory jc(0 of (7). Note that (9) is a l inear 
system of differential equat ions with t ime depen-
dent coefficients that describes the behav ior of a 
perturbation of the trajectory .v(0 of system (7). 
The solution of (9) to a given initial condi t ion 
e(t = 0) at t ime / can be written as 

« ( 0 = U ' 0 ( x m e ( 0 ) . (10) 

UQ(X(0)) is a t ime dependent matr ix and is 
sometimes called fundamenta l solution matr ix . The 
argument * (0 ) shall indicate that U'0(x(0)) d epends 
on the trajectory .v(0 with initial condi t ion jc(0). 

We will now write (10) and (8) in a fo rm that is 
very helpful for the intuitive unders tanding of the 
Lyapunov-exponent and is more sui table for 
numerical computat ion of flows as well as for 
discrete maps [18]. To this end we formally dis-
cretize t ime into intervals of length r. such that 
/ = n z. A solution (10) to (9) can then be writ ten as 

i f(/) = I , T < / £ = 2 ! T T - U V U L E W ) . 

We take r as the t ime unit and. changing the nota-
tion slightly, we obtain 

u(n)= UU Un
n--2-.. U]U}>e(Q). (11) 

Let us read (11) from right to left, i / o * ( 0 ) = « (1) 
denotes the solution of (9) to the initial condi t ion 
e (0) after t ime r. It is a vector with length d\ and 

1 Explicit time dependence can be eliminated by in-
creasing the dimension of the system by one. 

2 Rigorously, lim should be replaced by limsup. see [28]. 



direct ion e ( \ ) : 

Ule(0) = dxe{\), e(\) =\. 

N o w we apply U2 to e(\) and ob ta in ano the r vector 
of length d2 and d i rec t ion e(2). Finally we ob ta in 

u{n) = d„d„-\ ... d2d\ e(n), e(n) = 1 . (12) 

We have changed a p roduc t of opera tors into a 
product of real number s . T h e Lyapunov-exponen t 
(8) now reads 

/ = lim In dn... d\e (n) 
n — x n z 

or 
1 " 1 ; . = l im — X — In dk. (13) 

H — x n k=\ T 

From the def in i t ion of dk = Uk-\e(k — 1) ] we see 
that In dk is the exponent ia l change of the length of 
£(0) dur ing the t i m e interval r when the system (7) 
moves along the t ra jec tory be tween x((k - 1) r) and 
A:(A T). Norma l i z ing this quant i ty to one t ime-uni t 
we def ine the local divergence rate for discrete or 
discretized systems 

Yk = — \ndk. (14) 
r 

Equat ion (13) now suggests to in terpret Yk as a 
statistical variable. T h e Lyapunov-exponen t / is the 
t ime average (in t ime-un i t s of r) of the local 
divergence rate Yk a long the t ra jectory x (/): 

;. = ( Y k ) . (15) 

Note that a l though (13) describes a discrete 
sampl ing of Yk a long a cont inuous f low it is still 
exact. Yk=\/r\ndk is ob ta ined by solving the 
cont inuous Eqs. (7) and (9). On the o ther h a n d (13) 
can also be used for discrete maps. Yk is then 
obta ined by i terat ing the m a p and its l inear izat ion. 

With the in te rpre ta t ion of / as the t ime average 
of the local d ivergence ra te we def ine the nonuni -
formity factor ( N U F ) to a solut ion x(t) as the cor-
responding s tandard dev ia t ion 

J Y = <( Yk - < Y k ) ) 2 y n = « Yl) - < Yk)2)W2 (16) 

(AY)2 = l im — X — I n 4 ) ) - A 2 . (17) 
» - C O \ N K = , \ T I I 

The N U F is a m e a s u r e for the devia t ion of the 
local divergence rate f r o m its mean value , the 

Lyapunov-exponent . It charac ter izes the nonun i -
formity of a solut ion of a dynamica l system in 
respect to the sensitivity to initial condi t ions , or in 
other words, how m u c h the local d ivergence rate 
changes along the flow. C h a o t i c flow, e.g., with 
uni form turbulent behav io r all over the a t t rac tor , 
yields a positive L y a p u n o v - e x p o n e n t and a zero 
variance. Intermit tent chaos, however , where 
regular l aminar and chaot ic phases a l t e rna te ir-
regularly with each other , also gives a posi t ive 
Lyapunov-exponent (possibly the same) bu t the 
s tandard devia t ion ( N U F ) should be large, s ince the 
local divergence rate varies strongly. So the N U F 
A Y can be a very he lpfu l quan t i ty bes ides the 
Lyapunov-exponents to charac te r ize the b e h a v i o r of 
dynamical systems, especially chao t ic ones. Its com-
puta t ion does not take m o r e e f for t t han tha t of the 
Lyapunov-exponents . 

In the following section we cons ider s o m e chao t i c 
dynamical systems that are well known in the 
li terature [16]. 

III. Analytical and Numerical Results 
from Specific Models 

a) M a p s o n t h e I n t e r v a l 

For a discrete- t ime dynamica l system, which is 
generated by a m a p / on the one -d imens iona l 
interval / , the Lyapunov-exponen t / as de f i ned in 
(13) is given by 

1 
; . = lim — X In f ' ( x k ) , (18) 

« - x n k = 0 

where xk= fk{.v0) and ,v0 is s o m e initial va lue in the 
basin of the a t t rac tor unde r cons idera t ion . In the 
case of oned imens iona l m a p s we can app ly the 
ergodic hypothesis and replace the t ime average 
(18) by the ensemble average of the local d ivergence 
rate Y(x) with respect to the p robabi l i ty -dens i ty -
funct ion p(x) of / [19]. In our case the d ivergence-
rate Y(x) as de f ined in (14) takes the s imple f o r m 

Y(x) = In f ' { x ) . (19) 

The Lyapunov-exponent / t he re fo re can be ex-
pressed as 

;. = <y(x)> = {/>(*) Y(x)dx. (20) 
/ 

Accordingly, we ob ta in the N U F as the s t anda rd -
deviat ion AY of the statistical var iab le F(.v) (see 



(16)). The interpretat ion of the N U F is especially 
simple in this case: it just describes the var ia t ion of 
the modulus of the slope of the f u n c t i o n / along the 
attractor. Thus, for the " u n i f o r m " m a p s f ( x ) = 
2 x mod 1 and the " t en t " -map 

In 2 

/0.5(-V) = 

2.V , A G [0.0.5] 

2 ( 1 - A " ) , A G [ 0 . 5 , 1 ] , 

we have F(A) = In 2 and p ( x ) = 1. This is why the 
N U F vanishes, i.e. the separa t ion of t rajectories 
happens uniformly in the whole interval. 

We now wish to dis turb this uni formi ty in two 
different ways by considering: 

(i) piece-wise linear but asymmetr ic maps , 
(ii) symmetric but nonl inear maps. 

For perturbat ions of the type (i) we de f ine the 
family /,, by 

./a(.v) 

— , A G [ 0 . a ] , 
i 

, A G [a, 1]. 
(21) 

1 - a 

The graph of /0.32 is shown in Figure 6. For each 1 
we have constant density p (A) = 1, and there fore we 
can calculate both the Lyapunov-exponent and 
the N U F A Ya analytically. The Lyapunov-exponent 
is given by 

(y. - 1) In (1 — a) — a In a . (22) 

From 

and 

F 2 ( A ) = a (In y.)2 + (1 - a) (In (1 - y))2 (23) 

;.2 = a2 (In a)2 + (1 - a)2 (In (1 - a))2 

+ 2y (1 — a) In a In (1 — a) 

we deduce the N U F : 

1 - y 
A K a = (a(1 - a))172 In' 

(24) 

(25) 

In Fig. 7 we have plotted the resulting Lyapunov-
exponent /.., (solid line) and the N U F A Yy (broken 
line) as a function of the asymmetry pa rame te r y. 
Note that the N U F vanishes in the un i fo rm cases, 
for which y.e |0. y, 1J. It has two m a x i m a which are 
given by the transcendental equat ion 

In I (26) 

o.o 
0.0 

Fig. 7. Lyapunov exponents (/) and NUF (A Y) versus the 
asymmetry parameter a for/x(.x) of (21). 

We can see f rom Fig. 7 that beyond some threshold 
value of the asymmetry-parameter a, the N U F 
exceeds the Lyapunov-exponent . F r o m what we 
have mentioned above, it is clear that all the results 
also hold for the family of discont inuous funct ions 
/ a defined by 

/ = ( A / Ä ) mod 1 . (27) 

In order to study non-uniform systems of type (ii), 
we consider the family of nonlinear symmetr ic func-
tions gyr(A), def ined by [20]: 

gvAx) = r ( \ - 1 - 2a >'). (28) 

In Fig. 8 the graph of the " t e n t " - m a p gi,i(.v) = 
/ O 5 ( A ) (solid line), of the " L o r e n z " - m a p go . s . i ( -V) 

(broken line), and of the "logistic" m a p 02,1 ( v ) 
(broken dotted line) are presented. The Lyapunov-
exponent /... and the N U F have been numerica l ly 
determined for various values of the exponent 7 and 
fixed parameter /• = 0.99999. The results are shown 
in Fig. 9. where /.,. (solid line) and A Yy (broken line) 
are plotted versus the exponent 7. No te that /.y is 
constant except in a neighborhood of 7 = 0.5. where 
intermittent chaos is observed, which gives rise to 
the vanishing Lyapunov-exponent [10], [22]. [23], 
Again we find A Yy — 0 for the un i fo rm case 7 = 1 
and two crossings of the /..- and zf Y--curves close to 
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Fie. 8. Graph of g.. r (.Y) for r = 1 and y = j (—)> 
7 = 1 ( ), 7 = 2 ( - - ) . 
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Fig. 9. Lyapunov exponent (/) and NUF (A Y) of 
gyr{.V) VS. y fo r 150 va lues of y and r = 1.0. T h e 
numerical results of Figs. 9 and 10 were obtained by 
averaging over 5x 104 iterations with an accuracy of 16 
decimal digits. 

the "Lorenz"- and the " logis t ic" funct ions. An inter-
esting fea ture in the in termit tency case y ^ 0.5 is 
the singularity of the relat ive s t anda rd -dev ia t ion 
A Yy/ky, which indicates the strong non-un i fo rmi ty , 
s t emming f rom the a l te rna t ion of long l a m i n a r 
phases and chaotic bursts. This observat ion is con-
f i rmed in Fig. 10, where we have plotted /. (solid 
line) and AY (broken line) as a func t ion of the 

he igh t -parameter r in the " logis t ic" system g2,r(.v). 
At each value of r at which the system exhibi ts 
intermit tent chaos, i.e. whe re /.r d rops f rom posi t ive 
to negative values [19]. [21], [10], [23], we f ind large 
values of the N U F . just like in the case of the 
"Lorenz" -map . 

W e have also p e r f o r m e d numer ica l s imula t ions at 
pa ramete rs r at which the system is fully chao t ic 
and where we have p e r t u rb ed the system by ad-
dit ive f luctuat ions. O u r results indicate tha t the 
N U F does not change very m u c h (a few percent) , 
when the noise-level is increased to its m a x i m a l 
value. This insensitivity against external noise has 
also been observed for the Lyapunov-exponen t 
[23], [24], a l though the p robab i l i ty -dens i ty - func t ion 
becomes more and m o r e flat with increasing noise-
level. 

b) T h e H e n o n - M a p 

We have used (13) and (17) to c o m p u t e the 
maximal Lyapunov-exponen t and the N U F for the 
Henon-map [25], [16] 

-v„+i =y„ + 1 - a.\2
n, 

yn+1 =b.y„. 

We picked the usual p a r a m e t e r choice b = 0.3 and 
varied the p a r a m e t e r a f r o m 0.0 to 1.42. F igu re 11 
shows the largest Lyapunov-exponen t ( lower curve) 
and the cor responding N U F (upper curve). 
F igure 12 shows a magn i f i ca t ion of the chao t ic 
regime of Fig. 11. In the case of per iod 1 the N U F , 
of course, is zero u p to the b i fu rca t ion poin t to 

In 2 

0.9 



Fig. 11. Largest Lyapunov-exponent A (lower curve) and 
corresponding NUF A Y (upper curve) of the Henon-system 
vs. parameter a for b = 0.3. Computations were performed 
with an accuracy of 16 decimal digits. 

a 
Fig. 12. Magnification of the chaotic regime of Figure 11. 

Fig. 13. Largest non-zero Lyanupov exponent /. (lower 
part) and NUF A Y of the largest Lyapunov-exponent 
(upper part) of the Rössler-attractor vs. parameter c for 
a = b = 0.2. r = 0.1. 

per iod 2. In the per iod 2 regime /. and the N U F 
display interesting features: Between a = 0.49 and 
a = 0.79 the two Lyapunov-exponents are equal and 
constant /.| = / . 2 = y l n b. In contrast to the L y a p u -
nov-exponents the N U F shows more s t ructure in 
this pa ramete r range. There are three spikes wh ich 
correspond to special values of the complex eigen-
values of the fundamen ta l solut ion matr ix (12), 
whose logar i thms of the modu lus are the Lyapunov-
exponents. At a = 0.49 the e igenvalues change f r o m 
purely real to complex conjuga te and start mov ing 
on a circle in the complex p lane with r ad ius 
Tin/?. At <7 = 0.64 the eigenvalues become pure ly 
imaginary and for a = 0.79 they " l eave" the circle 
and become real again. A s imilar behav io r occurs at 
higher period doubl ings. 

So the N U F can given addi t iona l i n fo rma t ion 
about a dynamical system and can display fea tu res 
which are undetect ible by the Lyapunov-exponen t s 
alone, e.g. changes in the imag ina ry parts of the 
eigenvalues. 

c) T h e R o s s i e r - A t t r a c t o r 

The Rössler-system is one of the simplest ex-
amples for chaot ic 3-dimensional flows [26]. [16] 

X=-(Y+Z), Y=X+aY, Z = b + Z ( X - c ) . 

We choose a = b = 0.2 and varied c f rom 2.6 to 6.0 
[27], The results of the compu ta t i ons are shown in 
Figure 13. Again the upper curve denotes the 
s tandard devia t ion of the local divergence ra te 
( N U F ) while the lower curve indicates the values of 
the mean value (Lyapunov-exponent ) . Fo r the 
numerical computa t ion of the N U F we choose 
r = 0.1 (14). Fu r t h e r re f inements of the discret iza-
tion step width r yield the s ame results ind ica t ing 
that the computed N U F of the discretized system 
approached the N U F of the " a c t u a l " con t inuous 
system. 
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Appendix: 

The Hyperbolic p. d. f. for the Logistic Map 

We give here the derivat ion of the ("hyper-
bolic") probabil i ty density function for the logistic 
m a p f ( x ) = 4/-.Y(1 —.y) — when the control pa r am-
eter r takes its m a x i m u m possible value r= 1, that 
is when the whole interval (0, 1) becomes a chaot ic 
invariant set. 

Let us consider first the symmetr ic " ten t" piece-
wise linear m a p (a = y) for a height h < 1. T h e 
slope of the m a p is 2h for the left half and —2h for 
the right half. The orbit is always chaotic for h > \ 
since all trajectories diverge exponentially. 

The p. d.f . p (A) of this tent m a p is calculated as 
follows: The number of trajectories p(x)dx within 
the interval d.v equals the number of t rajectories 
within the corresponding intervals at the inverse 
points of the mapping. Since there are two inverse 
points A], a2 for a one -hump m a p 

p ( A ) d . Y = p ( A ,) d .Y , + P ( A 2 ) d . Y 2 , 

where 

d . Y d f 

d . Y , d.v 

So 

p(x) = 

= 2 /; (/ = 1,2). 

2h r \2h 2/7 

For h = 1 ( two-to-one tent map) , the above rela-
tion gives p (A) = 1. N o w consider the t ransforma-
tion A' = (2/n) s i n - 1 / S u n d e r which the logistic 
m a p is t ransformed to the symmetr ic tent m a p f0 5 

of (21) with h= 1 and p'{x') = 1. Since /?'(.Y')d.v' 
= p(x) d.Y (which implies the conservation the 
number of trajectories within any small interval 
under any invertible t ransformat ion x' = g (A)) we 
get for the p. d. f. of the logistic m a p 

d.Y' 
P ( x ) = — = 1 / T T V - V ( 1 - A ) , 

d.v 

and the Lyapunov exponent for r = 1 equals 

X = — J log 2 4 (1 - 2 A ) / Y . Y ( l - A ) d . Y = 1 b i t . 
n 0 
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